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Beiizoic acid was crystallized in a T-mixer by mixing hydrochloric acid and an a p e -  
oils sodium benzoate solution. Crystallization kinetics were determined bjl population 
balance modeling and parameter estimation by nonlinear optimization. The evaluation 
of several models showed that the model has to be carefirlly designed. The objective 
function is highly nonconvex9 and the results have to he scrutinized to identijj the ap- 
propriate optimum. Growth-rate dispersion needs to be accounted for to obtuiri a reu- 
sonable description of experimental product-size distributions. Six parameters of nucle- 
ation and growth kinetics were determined simultaneously in an optimization that in- 
cludes experimental product-size distributions from 14 experiments at 8 different initial 
supersuturations. The interjiacial enelgy calculated j%om the corresponding nucleation 
parameter is 0.015 J/m2. The exponent of the notmal power law growthate equation 
receives a value of 2.1, suggesting that growth is controlled hy suiface integration. The 
value becomes 2.9 if the logarithm of the supersaturation ratio is used us the driving 
force. The coefficient of variation of the growth-rate distribution depends only weakly on 
supersaturation and receives a value of 0.23 if this dependence is neglected. The final 
model describes experimental data well. The estimated parameters are physically reason- 
able and provide a physically reasonable description of the entire experiment. 

Introduction 
Reaction crystallization (precipitation) is an important in- 

dustrial process. Substances produced by precipitation in- 
clude fine and bulk chemicals, especially pharmaceuticals, 
biochemicals, pigments, catalysts, and photographic materi- 
als. It is important to have knowledge of the proper crystal- 
lization kinetics when crystallization processes are designed 
and scaled up. However, in reaction crystallization, determi- 
nation of kinetics is particularly troublesome because of thc 
difficulties in separating the kinetics of crystallization from 
the influence of mixing. If the solution is not completely mixed 
before the crystallization starts, for example, if the reaction is 
fast, the crystallization proceeds under conditions of partial 
segregation. Local micromixing has a large influence on the 
generation of supersaturation, and local supersaturation ra- 
tios can reach values of several orders of magnitude. Under 
these conditions, nucleation and growth will be very rapid, 
and. thus, local micromixing will influence the crystallization 
as well. These interactions are complex, and nucleation and 
growth kinetics in rcaction crystallization are poorly under- 
stood, as is the role of mixing. 

Correspondence conccrning this art ic le ahould hr: .~ddrcssxl 10 4. C .  R;brnluron 

Traditionally, reaction ciystallization kinetics are studied 
by mixing reactant solutions in a beaker. and determining the 
induction time and/or the total numbcr of product crystals 
produced (Nielsen, 1964, 1969; Mohanty et al., 1988; Bhan- 
darkar et al., 1989; Sohnel and Mullin. 1988). Nielsen (1969) 
derived relationships relating this information to thc rate of 
homogeneous primary nucleation for different crystal growth 
mechanisms. 

To eliminate the influence of mixing on kinetics, reactants 
must be well mixed before the onsct of nucleation. In an agi- 
tated beaker, the mixing time may be on the order o f  sec- 
onds, which, accordingly, rcstricts the level of supersaturation 
that can be studied. Thc mixing time can be reduced by let- 
ting the reactant streams impinge on cach other as two op- 
posed jets in a tcc coupling. According to Sohnel and Gar- 
side (1992) the mixing time in a T-mixer with a two-stream 
mixing chamber can be about 2-3 ms at turbulent conditions. 
Several authors have studied induction times and total num- 
ber of crystals produced in T-mixer experiments (Nielsen, 
1961, 1967; Siihncl and Mullin, 1978: Mohanty et al., 1988; 
Bhandarkar et al.. 1989; Mahajan and Kinvan, 1993; Schu- 
bert and Mersmann. 1996). 

AIChE Journal 1544 July 2001 Vol. 47, No. 7 



Kinetics can be evaluated by applying population balance 
modeling. Experimental data generally include product-size 
distributions and, in some cases, supersaturation profile in- 
formation (Rivera and Randolph, 1978; Mahajan and Kir- 
wan. 1993; Mignon et al., 1996). Rivera and Randolph (1978) 
mixed the rcactants in a T-mixer and allowed the mixture to 
pass a static mixer, after which crystallization occurred. They 
used a model for dispersed plug flow to estimate effective 
kinetics. Mahajan and Kinvan (1993) used a grid mixer and 
measured the crystal size distribution at different residence 
times. A plug-flow model was used to extract kinetics. Mignon 
et al. (1996) used a T-mixer to mix reactants. The mixture 
was then led into a batch reactor where the precipitation 
continued. The experiment was modeled as a fed-batch reac- 
tor, and kinctics of growth and nucleation were extracted by 
optimization. Aoun et al. (1999) determined kinetic data from 
batch precipitation experiments. By nonlinear optimization, 
the nucleation rates were determined from measurements of 
the evolution of the crystal-size distribution, and the growth 
rate from the supersaturation profile. In the work by Nallet 
et al. (1998). a similar study was carried out on the batch 
precipitation of salicylic acid. The reactor was modeled as 
ideally mixed. Concentration measurements and final size 
distribution from three experiments were included in a pa- 
rameter estimation by optimization. 

The aim of the present work is to estimate the kinetics of 
the rcaction crystallization of benzoic acid. Although most 
investigations on reaction crystallization kinetics have been 
carried out on inorganic systems, there is a considerable in- 
terest in the industry for kinetic data on organic systems as 
well. Benzoic acid is chosen as an organic model substance. 
Hydrochloric acid is mixed with an aqueous sodium benzoate 
solution in a T-mixer. A rigorous population-balance model 
of the crystallization that includes nucleation and crystal 
growth is developed, and kinetics are determined by nonlin- 
ear optimization. The optimization process is examined, and 
the model and kinetics are carefully evaluated. It is con- 
cluded that care must be exercised both in the design of the 
model, and in the determination of kinetics. It is also con- 
cluded that growth-rate dispersion can be an important fea- 
ture of the growth kinetics in reaction crystallization. In all, 
four different models with increasing complexity have been 
assessed. 

Heterogeneous nucleation is usually described by the same 
formalism. However, the activation energy AGcr is reduced 
by a constant in the equation, since the presence of particles 
is assumed to catalyze the nucleation. After supersaturation 
has been established, there is generally a time period before 
crystals can be detected in the solution. This time period is 
called the induction time, and it is assumed to be inversely 
proportional to the nucleation rate. 

In order to determine the kinetics of homogeneous nucle- 
ation, Nielsen (1969) developed expressions describing the re- 
lationship between the nucleation rate and the induction time 
or the total number concentration. Since the crystals must 
grow to a detectable size, the particular growth mechanism 
has to be specified. When growth is controlled by diffusion, 
the obtained expression is 

where Ki,?, is given by 

4k;u; y;’ 

27kt(ln 10)3(kT)3 
Ki,’ = 

(3) 

(4) 

Nielsen’s expression linking the nucleation rate to the total 
number concentration was extended by Mohanty et al. (1990) 
to account for growth controlled by surface integration: 

Crystal growth is usually described as a two-step process in 
which solute molecules are first transported to the crystal 
surface by diffusion through the boundary layer and are then 
incorporated into the crystal lattice by surface integration. 
The fundamental driving force for growth (as well as for nu- 
cleation) is the difference in chemical potential between the 
crystallizing substance in the solution and in the crystal. This 
difference is written 

U Y ‘ C  
-In - = In - 

RT a* y*c* 

AP _-  

for nonelectrolytes. It is often assumed that the activity coef- 
ficient ratio is close to unity, and that InS can be used to 
describe the driving force. It is also quite common to use 

saturation, that is, when In(a/a*) < 0.1 (Sohnel and Garside, 
1992). 

Theory 
I,, the class,c theory of primary nucleation, the number 

generation rate of homogeneous nucleation B, is expressed Ac = - C* even though this is Only at  low super- 

as (Nielscn, 1964) 

Detailed models of the surface integration step have been 
developed. At higher supersaturation, growth by two-dimen- 
sional nucleation is likely to dominate, and is described by (1) 

(7) 
where LG,, IS determined as 

4k;u; y,’ 

27kf.(kT In S)’ ’ 

AGcr = 

Different expressions for f ( S )  have been proposed in the lit- 
erature, for example (Nielsen, 19841, 

f ( s )  = s’/~(s -11~’ ~n s‘”. (2) 
(8) 
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Surface integration models describe the growth of a single 
crystal face. If the shape is constant, which is a common as- 
sumption, there is a constant relation between the growth 
rates of the different faces, and it is assumed that the entire 
growth of the crystal can be represented by a face growth 
type of equation. This is a simplification since different faces 
can grow by different mechanisms. 

The rate of mass transfer through the boundary layer to 
the interface is usually described by 

(9) 

Armenante and Kinvan (1989) examined the contributions 
of convection and molecular diffusion to the mass transfer to 
microparticles and proposed the following correlation for the 
mass-transfer coefficient k,: 

Sh = 2 + 0.52 Re"-52Sc 'I3. (10) 

As the size of the particles or the rate of agitation decreases, 
the relative velocity between particle and fluid decreases. and 
the second term on the righthand side becomes negligible. 

The relative importance of the boundary-layer diffusion re- 
sistance changes with particle size and supersaturation, and it 
is often difficult to clearly establish which surface integration 
mechanism is in control. Hence, the use of a simpler power 
law. such as 

(Mahajan and Kinvan, 1994) can be justified. Over a limited 
range of supersaturation, it has been found that the simple 
equation 

provides a good description of the overall growth rate. 
It has been shown that the growth rate may vary among 

crystals of equal size in the same solution (Sohnel and Gar- 
side, 1992). However, growth-rate dispersion is usually not 
acknowledged in reaction crystallization studies. Growth-rate 
dispersion is generally viewed as resulting from variations in 
the number and nature of dislocations on the crystal surface. 
Consequently, it would only be observable when crystals grow 
under surface integration control. Two models for growth-rate 
dispersion have been proposed: the random-fluctuation (RF) 
model and the constant-crystal-growth (CCG) model. The 
second is applied in this work. It is based on the assumption 
that each crystal is formed with an intrinsic capacity for 
growth, a growth-rate activity, which remains constant during 
the crystal's lifetime. Growth-rate dispersion arises if there is 
a distribution of growth-rate activities within the crystal pop- 
ulation. 

Experimental Work 
Benzoic acid is crystallized by mixing equimolar hydrochlo- 

ric acid and sodium benzoate solutions in a T-mixer. Reac- 

Hydrochloric 
acid #' 

I /' 

9 Sodium- 
benzoate 

Figure 1. T-mixer with dimensions given in mm. 

tant concentrations ( c r )  ranging from 0.179 M to 0.340 M are 
investigated. Concentrations and volume flow rates of reac- 
tant solutions arc equal in each experiment. The product-size 
distribution is determined. 

Apparatus 
The reactants are contacted by impingement from opposite 

directions in a T-coupling, and the mixture is forced into an 
outlet tube and finally into a sampling beaker. The T-mixing 
device is shown in Figure 1. The T-block is made of Perspex. 
The inlet tubes for the reactant solutions have bore diame- 
ters of 1 mm and lengths of 22 mm on each side of the mixing 
point. The outlet tube, which is made of glass, has an internal 
diameter of 2 mm and a length of 560 mm. It is mounted in 
the T-block up to the mixing point. At the other end of thc 
outlet tube a plastic tube is fitted that leads down into a 
stirred and thermostated vessel. On each inlet tube, there is 
an electrically controlled on-off magnet valve. Both valves are 
opened simultaneously when the electricity is switched on. 
Perfluoroalkoxy (PFA) SWAGELOK tubing and tube fittings 
are used for the solutions, and the materials in the valves in 
contact with the solution are Viton and Kynar. The reactant 
solutions are stored in 5-L vessels, placed in a thermostated 
water bath. The materials of the vessels are titanium-pal- 
ladium alloy for the hydrochloric acid vessel, and titanium for 
the vessel of the sodium benzoate solution. At the beginning 
of the experiment, the pressure in the storage vessels is raised. 
When the magnetic valves open, the pressure drives the reac- 
tants into the T-coupling. The vessels are gradually drained 
during the experiment. To limit the pressure decrease due to 
volume expansion, the reactant vessels are connected to a 
mutual gas-filled 25-L tank. This tank is in turn connected to 
a gas-pressure cylinder via a pressure regulator. On the gas 
side, the tubes are made of reinforced nylon. 

Procedures 
The reactant solutions are prepared at least one day be- 

fore the experiment, and stored at 30°C. Concentrated hydro- 
chloric acid is mixed with distilled water and filtered through 
a 0.2-pm membrane filter at preparation. The sodium ben- 
zoate solution is filtered a couple of hours before the experi- 
ment. The solutions are poured into each respective 5-L ves- 
sel at 30°C and the pressure is raised to an absolute pressure 
of approximately 0.3 MPa. After each experiment, the T-mixer 
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is cleaned with concentrated ethanol solution to dissolve re- 
maining benzoic acid. At the start of a new experiment, the 
outlet tube and the acid side of the T-mixer are filled with 
hydrochloric acid solution. The tube on the sodium benzoate 
side is filled with distilled water. By this procedure, air is 
removed from the system and wall deposition is essentially 
circumvented. The magnetic valves open simultaneously, and 
reactant solutions are forced by the pressure through the T- 
mixer and out into the thermostated vessel. The pressure reg- 
ulator to the gas-pressure cylinder is open during the experi- 
ment to help maintain a constant pressure and constant flow 
rates. The superficial velocity in the outlet tube is normally 5 
m/s (flow rate of 15.7 mL/s). However, in a few experiments 
velocities down to 1.9 m/s have been investigated. 

In most experiments carried out, and in all that are used in 
the evaluation of kinetics, nucleation takes place in the outlet 
tube of the T-mixer. The crystals grow in the tube and possi- 
bly also during the sampling. Sampling of the T-mixer outlet 
flow is done after approximately 20 s from the start of the 
experiment, corresponding to 180 outlet-tube residence vol- 
umes. During about 2 s, a sample of approximately 30 mL, 
that is, 17 residence volumes, is collected into a small beaker, 
originally containing a drop of dispersant. This sample is 
treated with ultrasound, and a syringe is used to withdraw a 
smaller sample. The crystals tend to aggregate during the 
crystallization. However, the forces are weak and complete 
disintegration is essentially achieved by the dispersant and 
ultrasound treatment. The particle-size distribution is deter- 
mined by electrosensing zone measurements (Elzone 180 
XU). The measuring tube with an orifice diameter of 38 p m  
is normally used, which in practice covers particle sizes rang- 
ing from 1.23 p m  to 19.4 pm. In a few analyses where larger 
particles are present, a tube with an orifice diameter of 95 
p m  is used, covering the range 2.35 to 34.5 pm. The sample 
is weighed and mixed with a weighed amount of electrolyte 
solution in the jacketed, thermostated measuring vessel of the 
instrument. In all. about 0.2-0.5 g of sample is added to about 
110-130 g of electrolyte. The electrolyte solution contains 1 

wt. % of NaCl, and has been saturated with benzoic acid at 
30"C, filtered through a 0.2 p m  membrane filter, and is 
slightly undercooled (see below) during the size distribution 
determination. 

The size distribution is determined within a minute from 
the original sampling of the suspension coming out of the 
T-mixer, and data are transferred to a computer for storage. 
After approximately two additional minutes a new analysis of 
the same solution in the jacketed measuring beaker is carried 
out in order to examine the stability of the size distribution 
during determination. It turns out that the crystals dissolve if 
the electrolyte solution is only just saturated with benzoic 
acid. The total volume of the crystals is considerably lower in 
the second of two successive analyses. The dissolution seems 
to be due to a relatively rapid aging of the crystals. By trial 
and error, it was found that the electrolyte must be supersat- 
urated by approximately 0.5-0.7"C undercooling to obtain a 
stable size distribution, so this procedure was used in the 
present study. Crystals grow in the electrolyte at higher un- 
dercooling, which results in an increased total volume of solid 
phase. The appropriate undercooling depends on the initial 
supersaturation in the T-mixer experiment. To study the ag- 
ing behavior further, an experimental study has been carried 
out and is currently being analyzed. The work is to be re- 
ported in a later article. Samples are also examined by mi- 
croscopy. The induction time is estimated from visual obser- 
vations of the precipitation front in the outlet tube. The su- 
perficial velocity is calibrated from recordings of time vs. 
weighed amount of fluid coming out of the tube. 

Table 1 presents the experimental program, and summa- 
rizes the results. Several experiments have been repeated 
once or twice. In those cases, the table specifies a range of 
95% confidence for the resulting parameter value. The re- 
producibility of the experiments is further shown in Figure 2, 
for So = 4.1. Product population density distributions of three 
different experiments carried out at identical conditions are 
compared. The total crystals mass is calculated from the 
measured size distributions and is compared with the mass 

Table 1. Experimental Conditions and Results 
Reactant Initial Linear Total No. No. Induct. 

Conc. Supersat. Vel. No. of Conc. Median L43 Time 
Imol/Ll Ratio [m/sl Exp. [No./m'] pml [ pml [msl 

2500 * * 0.179 2.8 5.1* 1 

0.234 3.5 5.4* 2 (1.2kO.l)X 10'4 3.9 f 0.0 6.8 k0.2 330 ** 

0.258 4.1 5.2 3 (1.9+0.1)X loL4 3.3f0.1 6.0f0.2 60 
0.270 4.3 5.3 1 2.1 x 1014 3.3 5.5 40 
0.276 4.4 5.5 2 (2.8+0.1)X 10" 3.250.1 5.450.1 20 
0.282 4.5 5.2 I 3.4.1014 3.1 4.9 7 
0.288 4.6 5.5 2 (4.650.1)X 1014 2.9k0.1 4.5 k0.1 3 

0.293 4.7 5.5 2 (4.9 f 0.3) X 10'' 2.9 5 0.1 4.3 5 0.2 2 
0.300 4.8 5.5 1 5.6 X 10" 2.9 4.3 1 
0.305 4.9 5.5 2 (6.3 f 0.2) x 1014 2.7 & 0.0 3.9f0.1 0.5 
0.317 5.1 5 .5 2 (6.7 i 0.0) x 1014 2.7+0.0 3.9 f 0.0 
0.340 5.5 5.5 2 (8.6 k 0.0) x 1014 2.4 f 0.0 3.5 f 0.0 

- - - 

0 222 3.5 5.2* 1 3.3 x 10'1 5.5 9.3 470** 

0.246 3.9 5.3* 1 1.5 x l o t4  3.8 6.2 - 
1.9 2 (1.4fO.O)X 3.9 f 0.0 6.6 i 0.0 140 

- 3.3 1 4.5 x 10'4 3.0 4.7 

- 
- 

*Sampling from thermostated vessel. 
Time for the precipitation front to reach the T-mixing point after the flow stops. ** 
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Figure 2. Reproducibility of population density distribu- 
tions at So = 4.1. 

corresponding to complete consumption of the supersatura- 
tion. The deviations range stochastically from 0 to 8%. Thus 
essentially all supersaturation is consumed in the experi- 
ments. 

Solubility 
The solubility of benzoic acid in pure aqueous solutions 

and in the presence of sodium chloride has been measured 
by Ward and Cooper (19301, Seidell (1940), Bourgoin (1878), 
Larsson (1930a,b), Herz and Hiebenthal (19281, Hoffman and 
Langbeck (19051, and Goeller and Osol (1937). A multiple 
regression analysis of data in the literature (including 37 data 
points) has been performed in the temperature range 18 to 
45"C, and for sodium chloride concentrations from 0 to 2 M. 
The solubility of benzoic acid is described by 

10" I I I 

I I I 

3 + 

v z 
2. 
3 
D 
'3 

vl 
3 

10 -2 
0.0 0.5 1 .0 1.5 2.0 

Concentration of NaCl (mole/l) 

Figure 3. Solubility of benzoic acid. 

where N, is the number of particles in detection size interval 
i of the instrument, and L ,  is the arithmetic mean size of the 
interval. 

In Figure 4, the classic representation of total crystal num- 
ber concentration and induction time vs. initial supersatura- 
tion ratio is shown. The curves are nonlinear, which indicates 
that different mechanisms dominate in different regions 
(Nielsen, 1969; Mohanty et  al., 1990). Both curves exhibit a 
decreasing slope at decreasing supersaturation. There is a 
reasonably linear part in both curves at higher supersatura- 
tion, that is, lower (log S o ) -  I .  Above So = 4.0, the total crys- 
tal number is larger than no./m3, which is the value that 
is usually observed for heterogeneous nucleation (Nielsen and 
SGhnel, 1971). Hence, a reasonable interpretation is that ho- 
mogeneous primary nucleation dominates at high supersatu- 
ration, and that a mechanism transition takes place at lower 
supersaturation. The data of t h e  linear high supersaturation 
region are correlated by 

loge* = -5.6329+0.0137T -0 .1771~, . ,~~ .  (13) 

in which c" and cNdC, are in moles/L, and T in degrees 
kelvin. The R-squared test value for this equation is 0.998. In 
Figure 3, the equation is plotted as solubility vs. the concen- 
tration of sodium chloride at different temperatures and is 
compared with the underlying experimental data. 

Results of experiments 
The experimental program and results are shown in Table 

1. The initial supersaturation ratio S,, is calculated from the 
stoichiometric reaction of equimolar solutions 

and ranges from 2.8 to 5.5. The table contains the superficial 
velocity in the outlet tube, the induction time, the total num- 
ber of detected product crystals per unit volume, the number 
median-size and the corresponding weight mean size, which 
is calculated as 

logtlrld = - 13.53+4.87 (logs,,) - 2  (16) 

12 
1 2 3 5 6 

42 (logs ) - 

Figure 4. Experimental induction time and total product 
number concentration. 
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Figure 5. Experimental number median size and weight 
mean size. 

log N, = 16.81 -0.9S5(logSo)~’. (17) 

The influence of the initial supersaturation on the product 
crystal size is shown in Figure 5. The number median size 
and the weight mean size decrease with increasing initial su- 
persaturation. Examples of experimental product-size distri- 
butions are shown in Figure 6. For all initial supersaturation 
studied, a maximum in the population-density distribution is 
found within the range of detection, that is, for particles larger 
than 1.23 p m .  

At the initial supersaturations exceeding 4.9, precipitation 
is observed at the mixing point of the T. Above 4.9, the influ- 
ence of supersaturation on product population and mass- 
density distributions decreases. This reduced influence can 
also be seen in the evolution of the mean size (Figure 5).  We 
conclude that at initial supersaturations higher than 4.9, it 
cannot safely be assumed that the solution is well mixed be- 
fore nucleation commences. At a supersaturation lower than 
3.9, formation of crystals cannot be observed in the outlet 
tube, but starts in the sampling vessel. Product population- 
density distributions continue to flatten out, that is, the num- 
ber of small crystals decreases and the number of larger crys- 
tals increases, as the supersaturation decreases. 

0 S0=3.9 

4.9 

0 

20 

10 

0 
0 2 4 6 8 1 0 1 2 1 4  

Equivalent Spherical Size (pan) 

(b) 
Figure 6. (a) Population density, and (b) mass density 

distributions at different supersaturations. 

Figure 7 shows the different crystal shapes that are ob- 
tained from different initial supersaturations. Dendrite- 
shaped crystals are observed at the lowest studied initial su- 
persaturation (So = 2.81, and they decrease in occurrence up 
to about So =3.9. The left photograph shows a dendrite- 
shaped crystal from an experiment with an initial supersatu- 

Figure 7. Product crystals obtained at, from left to right, So = 3.5,4.3, and 4.9. 
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Figure 8. Comparison of product weight mean size from 

the T-mixer and a semibatch process. 

ration of 3.5. At higher supersaturation dendrites are not ob- 
served, but the crystal shape is irregular, as may be seen in 
the middle photograph where So = 4.3. At even higher super- 
saturation, s,, = 4.9, the crystals are smaller with rounded 
corners. 

The product mean size decreases with increasing initial su- 
persaturajion. In comparison to semibatch stirred-vessel pro- 
cessing (Aslund and Rasmuson, 19921, much smaller crystals 
are obtained in the T-mixer, as is shown in Figure 8. In semi- 
batch agitated-tank processing, the supersaturation gener- 
ated at the feed point can be diluted by further mixing into 
the bulk solution. Alternatively, small nuclei generated at the 
feed point may dissolve in the bulk where the supersatura- 
tion is much lower. In the T-mixer, the reactants are effi- 
ciently mixed, and no dilution or dissolution in a bulk solu- 
tion is possible. In addition, the reactant concentration in the 
bulk solution in the semibatch process gradually decreases 
and agitation brings a gradually increasing concentration of 
crystals back to the feed point. Hence, the feed-point nucle- 
ation gradually decreases, favoring growth of crystals that are 
already present in the tank. 

Evaluation of Kinetics 
Nucleation and growth kinetics are estimated from experi- 

mentally determined size distributions and known initial su- 
persaturations. Only experiments with an initial supersatura- 
tion ratio in the range 4.1 to 4.9 are included. At lower su- 
persaturation, the crystal shape is quite different. At higher 
supersaturation, where the induction time for nucleation is 
very short, the mixing time in the T-mixer is no longer suffi- 
ciently short to ensure that the influence of mixing can be 
ignored. A population-balance model over the experiment is 
developed and kinetics are determined by nonlinear opti- 
mization. The results from all selected experiments are in- 
cluded in the optimization, and the difference between simu- 
lated and experimental size distributions is minimized. 

Model 
The T-mixer experiment is modeled as an isothermal 

plug-flow tube reactor followed by a perfectly mixed semi- 
batch reactor, the latter representing the beaker in which 

samples are collected. The following assumptions are made: 
(1)  perfect mixing of the reactants is obtained instanta- 
neously in the T-mixer; ( 2 )  the chemical reaction is instanta- 
neous; (31 benzoic acid is not dissociated and crystallizes as a 
molecule; (4) crystals are born at the critical size according to 
the Gibb-Thomson equation; (5) the crystal shape is con- 
stant; (6) breakage and agglomeration are negligible; (7) hy- 
drodynamic axial dispersion in the T-mixer is negligible; (8)  
the semibatch reactor is perfectly mixed, and (9) no nucle- 
ation takes place in the semibatch crystallizer. 

If growth dispersion is negligible, the population balance 
for a plug-flow crystallizer with constant superficial velocity 
i i z  is written (Randolph and White, 1977) 

dn dn 

rlz dL 
u,- + G- = 0, 

and the population balance for the well-mixed semibatch 
crystallizer is described by 

In  order to account for growth dispersion, the CCG-model 
is adopted (Ramanarayanan et al., 1984). Each crystal is born 
with a growth-rate activity K,, which remains constant during 
the crystal's lifetime, independent of size and supersatura- 
tion. However, there is a distribution of growth-rate activities 
within a crystal population, which results in growth-rate dis- 
persion. As the population grows, an initially monosized crys- 
tal size distribution will gradually attain the same functional 
form as the distribution of growth-rate activities (Bohlin and 
Rasmuson, 1992). 

The growth rate of a given crystal is expressed by 

G = K,D(c ,c*) ,  (20)  

where D(c,  c*) is the driving-force function for growth (Mug 
and Pigford, 1989). The distribution of growth-rate activities 
is given by the distribution function 

Using this approach and transforming the size scale of the 
outlet tube into time scale, t = z/u,, the population balance 
for the T-mixer is written for each K,: 

and similarly for the semibatch crystallizer: 

dn dn  n dV Qnterd 
- + K,  D(c,c* ) - + - - - - = 0 .  
d t  dL V d f  V (23) 

The total population density at each crystal size is obtained 
by integration over all growth-rate activities: 
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The population balance is transformed into a system of or- 
dinary differential equations using the method of characteris- 
tics (Randolph and Larson, 1988). The generation of crystals 
in the T-mixer is discretized into pulses, forming subpopula- 
tions of particles, and the subpopulations are traced as they 
grow along the size axis. The total residence time is divided 
into time steps. During at time step, the supersaturation is 
assumed to be constant, and nuclei born in that time step 
form a new subpopulation that is monosized initially. 

The number of crystals in the subpopulation that is gener- 
ated in the timc interval I is calculated by integration of the 
nucleation rate over the time interval 

where t ,  is the birth time of the subpopulation. The initial 
size of the crystals is the critical size according to the Gibbs- 
Thomson relation (Ostwald, 1900) 

The moment analysis developed by Klug and Pigford (1989) 
is used to trace the evolution of the size-distribution mo- 
ments as crystals grow. The moments are calculated from the 
initial moments of the size distribution mL, the moments of 
the growth-activity distribution m and the transformed time 
O,, (Mug and Pigford, 1989; Bohlin and Rasmuson, 1992) K' 

k = 0 , 1 , 2 ,  .... (27)  

Thc transformed time is defined as the integral of the driv- 
ing-force function for growth over the total time of growth. 
For each subpopulation, the following expression is obtained 
in the T-mixer: 

the total volume. we obtain 

dc d M ,  
dt dt ' 

_ -  

In the semibatch reactor, there is over a period of time 
(the sampling time) a continuous supply of crystals and dis- 
solved benzoic acid from the T-mixer. The total mass balance 
over benzoic acid is expressed as 

By assuming constant volumetric flow in the T-mixer, the mass 
balance can be rewritten as 

where MT is the total amount of moles of crystallized ben- 
zoic acid in the vessel. The total volume in the semibatch 
reactor changes with time according to 

The amount of crystallized benzoic acid is calculated from 
the third moment of the subpopulations as 

p,k,  'max  ]mix  

M,=- C CmL3I1' (35) 
Mc 1 - 1  , = I  

since the total mass is the sum of the mass of all subpopula- 
tions. Because the functional form of a subpopulation is de- 
termined by the growth-rate distribution, the size distribution 
can be constructed from the distribution function Pg. The 
parameters zg and us are substituted by the mean size I,,, 
and the standard deviation of the size distribution, which 
are determined from the moments of the subpopulations, as 
described by Randolph and Larson (1988). 

To determine the population density at size L ,  we multiply 
with the total number of crystals in the population and obtain 

and in the semibatch reactor: 

@I,, = [~'"'"''D( c, c* )dt  + / r D (  c, c* ) d t ,  (29) 
1, 

with c , ~ , , ~ ~ ,  being the residence time in the T-mixer. The ini- 
tial moments of subpopulation i, born at the critical size L,,, 
are calculated as 

The total population density is the sum of the population 
densities of all subpopulations: 

~ I ~ , , ( o ) = N , ( L , , , ) ~  r = O , 1 , 2  .... (30)  The growth-rate activity distribution is assumed to be log- 
normal. The log-normal distribution has a shape that corre- 
sponds to the shape of the experimental size distribution, and 
it does not allow negative growth rates. Previous work at our 
laboratory has shown this function to be useful in describing 
growth-rate dispersion of secondary nuclei, and to be more 
computationally efficient than the gamma distribution. The 

By calculating the total amount of crystallized material in 
each time interval, the population balance is coupled to the 
supersaturation balance. In the plug-flow reactor, benzoic 
acid is consumed by nucleation and crystal growth. If we as- 
sume that the particle-free volume can be approximated with 
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log-normal distribution function is described by D ( c .  ex ) = ( c  - c* )' (47) 

where 
viation of K,,,,q, (Randolph and Larson, 1988): 

is the geometric mean and CT,' is the standard de- 

(39) 

and 

The coefficient of variation CT, for the growth-activity dis- 
tribution of each subpopulation is determined by the super- 
saturation at the time when the population is born: 

The r th  moment of the growth-activity distribution is calcu- 
lated as (Randolph and Larson, 1988) 

mgr = K,:,' exp(0.5r2 In2 ui) r = 0, 1, 2. .  . . (42) 

When the log-normal distribution is inserted into Eq. 36, 
the following expression is obtained for the size distribution 
of the ith subpopulation: 

with 

(44) 

Before the model can be implemented, expressions for nucle- 
ation and growth must be specified. The primary nucleation 
rate is described by 

The driving-force function, D(c,  c* 1, in Eq. 20 is described 
by either a normal power law (Eq. 47), a power law with a 
logarithmic driving force (Eq. 481, or a two-dimensional nu- 
cleation model (Eq. 49). 

The simulation begins with a simulation of the crystalliza- 
tion in the T-mixer in order to determine the size distribution 
of the crystals in the feed to the semibatch reactor. It then 
proceeds to trace the evolution of the crystal-size distribution 
as the crystals continue to grow in the semibatch reactor. The 
subpopulations keep their identity as they move down the 
outlet tube and into the semibalch reactor. 

The system of equations is solved using Euler's method. In 
the simulation of the T-mixer, Eqs. 25 and 28 give the nucle- 
ation rate and the transformed time. Equation 27 is used to 
calculate the change in subpopulation moments and crystal 
mass. The crystal mass is inserted into Eq. 31 to determine 
the change in solute concentration. In the simulation of the 
semibatch reactor. Eq. 33 is used instead of Eq. 31 to deter- 
mine the change in supersaturation. A time step of 0.2 ms is 
used in the T-mixer. A further decrease in the time step does 
not significantly influence the solution. The time step in the 
semibatch reactor is initially 0.2 ms, and is gradually in- 
creased to 96 ms. 

Method of parameter estimation 
The parameters of the model are determined by fitting 

simulated size distributions to experimental data. The differ- 
ence between the experimental and simulated population 
density distributions is minimized in a nonlinear optimiza- 
tion. The nucleation parameters K,,, and K,,?, the growth 
parameters K,,, and g. and the growth dispersion parameters 
CY,,, and C%<, are determined in the optimization. 

Two different optimization methods have been used. The 
Gauss-Newton method uses the Jacobian in the determina- 
tion of the search direction, resulting in faster and more reli- 
able convcrgence (Gill et al., 1981). The calculated Jacobian 
also allows us to estimate the confidence intervals of the pa- 
rameters from the covariance matrix, as suggested by Fletcher 
(1987). However, for models that do not include growth-rate 
dispersion, the simplex method had to be used instead. The 
simplex method uses function evaluations to determine the 
search direction, and is more robust when the objective func- 
tion has many discontinuities. Both methods are imple- 
mented in the Matlab Optimization Toolbox (The Math- 
works, Inc., 24 Prime Park Way. Natick, MA 01760-1500, 
USA). The simulation program is written in Fortran. and it is 
compiled to a mex-file which is called by the Matlab opti- 
mization routine. This construction allows run times of around 
1.5 min for a complete simulation of 14 experiments. on a 
Pentium 11 450 MHz. An optimization usually takes up to 2 
h. 

Experimental data consist of initial supersaturations and 
final population-density distributions discretized into 21 size 
classes between 1.2 and 7.7 pm. Each optimization includes 
14 experiments with 8 different initial supersaturation ratios 
ranging from 4.1 to 4.9. 

Simulated data consist of the population densities pre- 
dicted by the model at the mean size of each size class in the 
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Table 2. Estimated Parameter Values and Corresponding Value of the Objective Function 
- 

L X [ . C * )  K,, i K,,, K,, <6! CV,, CV,, c 
Notmal power law. Eq. 47 (3.0+ 1.3)IO” 18.6k0.72 (2.4f2.9)10-’ 2.1k0.29 3.8+17 O.hi0.9 6.6 
Log. power law. Eq. 48 (1.7k0.7)10’y 17.5i0.68 (1.4+0.17)10-’ 2.9k0.46 1.5k16 0.38f 1.0 6.5 
2-D nucleation. Eq. 49 (2.4 iO.7)IO” 18.2+0.56 (5.4 1.8)10- 0.62 i 0.3 2.9 i 26 0.52 i 0.9 6.5 

experimental data. The residual is calculated as the relative 
difference between experimental and simulated population 
densities for \ire class k and experiment I :  

This formulation ensures that size intervals with large num- 
bers of crystals are not too strongly weighed in the calcula- 
tion of the objective function. 

If the starting point is located far from an optimum, the 
residual expression in Eq. SO cannot be used. Instead the fol- 
lowing logarithmic residual is used: 

R,/ = In (R5irn 1 -1’ ( n e x p  ). (51) 

The objective function is defined as the sum of squares of the 
residuals: 

k,, ,  ‘I,,.,, 

F = Ri,. ( 5 2 )  
k = l  / = I  

To obtain an efficient optimization, the parameters, K , , ,  
Ex, and C‘C<& are scaled nonlinearly in the following manner 
(Fletcher, 1991) 

x,,,, = In xOld. ( 5 3 )  

Lincar scaling has also been used, but it results in slower 
convergence and in optimizations that are more prone to di- 
verge. 

In the optimizations, different initial parameter values have 
been used. Dcpending on the starting point, different local 
minima may be found, and in some cases the optimization 
enters nonstable areas that cause it to diverge. Optimal pa- 
rameter values are evaluated further by running simulations 
to assess the evolution of different variables, such as growth 
and nucleation rates. 

Results of parameter estimation 
The results of the parameter estimation using the different 

growth models are summarized in Table 2 together with the 
corresponding 95% confidence intervals for the estimates. 
The choice of growth model does not have a strong influence 
on the results. Growth-parameter values change, but the other 
parameters are essentially unchanged. If the parameters are 
used for simulation of the experiments, the evolution of su- 
persaturation, growth rate, and crystal size are quite similar 
regardless of growth model. Clearly different models can be 
used to describe the same behavior. Results are presented 
and analyzed below for the normal power-law equation. 

The residuals at the optimum are plotted versus crystal size 
and vs. initial supersaturation of the experiments in Figure 9. 
Thc relative deviations range between -50% and 50%. A 
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Figure 9. Distribution of relative residuals with initial 
supersaturation and crystal size. 

clear trend would indicate systematic errors. No such trend is 
seen, although the residuals are not distributed completely 
evenly. The correlation between simulated and experimental 
population-density distributions is shown in Figure 10. For 
clarity, only four of the experiments are shown, but the re- 
sults are representative for all experiments. Some deviations 
can be seen, but overall the agreement is quite satisfactory. 

The obtained parameter values are used in simulations to 
evaluate the evolution of supersaturation. nucleation and 
growth rates, and crystal mean size during the crystallization. 
The results for an experiment with an initial supersaturation 
ratio of 4.6 are shown in Figure 11 with data plotted vs. posi- 
tion along the outlet tube. The results are similar for all ex- 
periments. The obtained growth rate when only the bound- 
ary-layer diffusion resistance is accounted for, that is, when 
the surface integration resistance is neglected, is also in- 
cluded in the plot. The mass-transfer coefficient is obtained 
from Eq. 10, and the growth rate is calculated for the total 
number mean size at each time. To calculate the Reynolds 
number, Re, the energy dissipation is estimated from. the 
pressure drop. The pressure drop from the containers to at- 
mospheric pressure at the outlet of the T-mixer is 2.3. 10’ 
N/m2 when the velocity is 5 m/s in the outlet tube. A pres- 
sure drop of approximately 10’ N/m2 in the outlet tube leads 
to a mean energy dissipation rate of about 1 kW/kg accord- 
ing to the following correlation (Calderbank and Moo-Young, 
1961): 
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Figure 10. Correlation of optimal simulated population- 
density distributions to experimental data. 

where A p  is the pressure drop and L,,,,,, is the length of the 
outflow tube of the T-mixer. 

Figure 12 shows the simulated supersaturation profile f o r  
the whole experiment, including the period of sampling in 
the beaker. At the end of the experiment a supersaturation 
ratio o f  1.3 remains. Figurcs 13 and 14 compare the simu- 
lated total number concentration and the number mean size 
with the experimental values for particles above the size limit 
of the measurement technique. For the total number concen- 
tration the fit is very good, while the simulated mean siLe 
tends to be somewhat lower than the experimental values. 
Still, the deviation is not strong in view of the scatter in ex- 
perimental data. 

Discussion 
Mixing time 

In order to capture the influence of supersaturation on the 
crystallization kinetics, i t  is very important to have experi- 
mental data over the widest possible supersaturation range. 
Hence, the range of data included in the optimization is not 
reduced more than is absolutely necessary. The modeling is 
based on the assumption that the experimental data are un- 
influenced by mixing. The mixing time in the T-mixer has not 
been measured directly, but Mohanty et al. (1988) used a T- 
mixer of a similar configuration and estimated the mixing time 
to be 1 ms. Our experimental results indicate that supersatu- 
ration has less influence on the population and mass density 
distribution when the initial supersaturation exceeds 4.9. This 
coincides with the observation that crystals can be observed 
at the mixing point of the T. Morcover, the experiment at 
S,, = 4.6 was carried at two different mixing conditions: Re = 

6000 and Re = 10,000, respectively. The results from these 
two experiments are essentially the same (see Figure IS). 
Consequently, the influence of mixing is not strong, at least 
not at this supersaturation level. As described prcviously the 
lower supersaturation limit for useful data is set to 4.1. below 
which a major change in crystal shape can he observed. as is 
shown in Figure 7. For comparison. optimizations have been 

0 0.2 0.4 0.6 
Length in outlet tube (m) 

1. 1 O - ~ L  
0 0.2 0.4 0.6 

Length in outlet tube (m) 

1 o - ~ .  1 

5/7 

2.5L-- 
0 0.2 0.4 0.6 

Length in outlet tube (m) 

Figure 11. Evolution of nucleation rate, growth rate, 
number mean size, and supersaturation ratio 
along the outlet tube of the T-mixer at So = 

4.6. 

carricd out with the range of experimental data limited to 
4.1 2 S,, _i 4.6. that is, the induction time is longer than 3 ms. 
Thc optimum obtained is vcry close t o  the one  rcported prc- 
viously based on the wider range 3.1 5 S,, 5 4.9, showing that 
the experiments with supersaturation ratio between 4.6 and 
4.9 follow the same general trend as those below 4.6. 
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Figure 12. Evolution of the supersaturation during the 
whole experiment at So = 4.6. 

-3.6- 
v 5. 

Model 
Before thc final model was accepted, four other, increas- 

ingly complcx, models were evaluated. Either the optimum 
value of  thc objective function is significantly higher for these 
models, because the shape of the simulated size distribution 
differ5 significantly from the experimental, or the obtained 
parameter values are not in agreement with the prevailing 
vieb of  crystallization kinetics. 

The simplest model (model 1) describes a plug-flow tube 
reactor where growth dispersion is assumed to be negligible. 
In this case, the population balance in Eq. 18 describes the 
reactor. Howeker; the crystal size distribution that results 
from a plug-flow reactor under these conditions decays quite 
sharply toward zero at larger sizes, as can be seen in Figure 
16. The figure shows the result for one value of the initial 

x Model I 8 0 Experiment , 
X 0 

-1- 
x 1 0 ' ~  

h 7 1 - -  
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X 
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h 

x 
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Figure 13. Correlation of simulated total number con- 
centration to experimental data. 
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2 31 ' 2.81 
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Initial supersaturation 

Figure 14. Correlation of simulated number mean size 
to experimental data. 

supersaturation. but the same trend is observed over the 
whole investigated supersaturation range. The experimental 
size distribution is broader and has a developed .'tail'*toward 
larger sizes, and a significant number of particles are larger 
than the dominant size. The only mechanism that broadens 
the size distribution in this simple model is the time dis- 
tributed nucleation. However, since the supersaturation in 
this model decays steadily from the initial value. the corre- 
sponding product-size distribution has its mode peak close to 
its maximum size. 

Different mechanisms that could broaden the product c r y -  
tal-size distribution have been examined, and two main possi- 
bilities were identified: growth-rate dispersion and further 
growth in the sampling beaker. Growth-rate dispersion leads 
naturally to a broadening, but is rarely acknowledged in rcac- 
tion crystallization studies. Continued growth during the 

l o 2 '  
S o  =4 .6  

1020/  

m 

- -  
0 2 4 6 8 lo 

Equivalent Spherical Size (pm) 

Figure 15. Influence of Reynolds number on the popu- 
lation density distribution at So = 4.6. 
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sampling period also gives a broader distribution, since dif- 
ferent subpopulations have different residence times in the 
vessel. 

In model 2, a semibatch reactor is attached to the T-mixer 
in order to account for growth during sampling. Growth-rate 
dispersion is still neglected. Model 2 gives a better correla- 
tion to the experimental data than model 1 (see Figure 17), 
but significant deviations are still present, and the model is 
not really capable of describing experimental data. The com- 
parison in Figure 17 is representative of all initial supersatu- 
rations investigated. 

On thc other hand, if growth dispersion is taken into ac- 
count, but growth during sampling is assumed negligible 
(model 3), the description of experimental size distributions 

'\ 

16/ 

2 4 6 8 10 

Figure 17. Optimal population density distribution with 
model 2 at So = 4.6, compared to experimen- 
tal data. 

Crystal size (Nm) 
l o  0 

is quite satisfactory (Figure 18). Howevcr, if the parameter 
values that are obtained in the optimization are used in the 
simulation, the resulting growth rate in the outlct tube of the 
T-mixer is significantly higher than the growth rate that would 
result if growth was limited only by boundary-layer mass 
transfer. Thc comparison is shown in Figure 19. This is con- 
tradictory to the general view of crystal growth as a process, 
in which diffusion to the crystal surface and integration into 
the crystal lattice occurs consecutively. The overall growth 
rate is then limited by the slowest of the two steps, and could 
not possibly excccd the rate of boundary-layer mass transfer. 
In the calculation of the boundary-layer mass-transfer rate, 
the mass-transfer coefficient is obtained from Eq. 10 and is 
calculated for the number mean size in each time step. Wc 
havc investigated whether application of another growth-ratc 
equation in this model (instead of the normal power law 
equation. Eq. 12) may lead to a growth rate that no longer 
exceeds the boundary-layer mass-transfer rate. Unfortu- 
nately, the situation remains the same with other growth 
equations as well. 

If growth-rate dispersion. as well as growth during sam- 
pling, is accounted for in the model (model 3).  wc obtain a 
satisfactory fit to experimental size-distribution data. as wcll 
as realistic growth rates, as shown in Figure 11. 

Hydrodynamic backmixing could also be a possible cause 
for the broadening of the size distribution. Tosun (1988) per- 
formed reaction crystallization experiments with barium sul- 
fate in a side-T, and found that the Reynolds number strongly 
influenced the width of the size distribution. He observed a 
decrease in the width of the distribution and in the mean 
diameter when moving from laminar flow (CV = 0.76, volume 
based, at Re = 880) to fully turbulent flow (CV = 0.60 at Re 
= 10,000). Figure 15 shows the size distribution for benzoic 
acid from two experiments with the same initial supersatura- 
tion (S,, = 4.6). but with different superficial velocitics. The 
Reynolds number in the experiments is 10,000 and 6000, re- 
spectively. As can be seen in the figure, there is no clear 
support for the assumption that the product size distribution 
depends on the Reynolds number. Using the correlation for 
hydrodynamic dispersion in pipeline flow that was presented 
by Lcvenspicl ( 1972). the coefficient of hydrodynamic disper- 
sion can be estimateri. to be 5 .  10-3 m2/s at our experimental 
conditions. Assuming that nucleation only occurs at the inlet 
of the T-mixer tube and that the growth rate is kept constant 
at 5 10 -' m/s along the tube. axial dispersion causes a spread 
of kO.8 p m  around a mean size of 5.5 p m .  This broadening 
effect is not strong enough to explain the broadening ob- 
served in the experiments. In this calculation, we neglect the 
influence of disturbances at the inlet of the tube. However. 
such disturbances should not be of a magnitude to cause the 
observed broadening. Therefore, it  seems unlikely that hy- 
drodynamic dispersion has more than a minor influence on 
the crystal-size distribution. 

Size-dependent solubility has not been accounted for in the 
model. The effect is negligible, except for crystals that are 
close to the critical size, and including size-dependent solu- 
bility. would make the model more difficult to solve. Prelimi- 
nary simulations indicate that the product-size distribution is 
not greatly affected by size-dependent solubility. 
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and total number concentration. The correlations between 
these variables and (logS,,-' are given in Eqs. 16 and 17. 
The interface energy is calculated using Eq. 4, resulting in a 
value of 0.030 for Eq. 16 and 0.015 for Eq. 17. Equation 16 is 
derived with the assumption that growth is controlled by 
boundary-layer diffusion. This assumption is not valid for 
benzoic acid under the conditions of the present work, which 
might explain the deviation between the interfacial energy 
values. In addition, the induction time is measured visually in 
the experiments, making it difficult to obtain accurate mea- 
surements. The interfacial energy can also be calculated from 
the solubility as proposed by Mersmann (1 990): 

A value of 0.035 J/m2 is obtained by this equation. 
The value of the preexponential nucleation factor K,, ,  

( = is low compared to the values that are published in 
the literature. These values are usually in the to 10" 
range (Estrin, 1992). Nielsen (1969) evaluated the preexpo- 
nential factor from the intercept in the plot of the induction 

Thc energy can be calculated from the nucle- time or total number concentration vs. (logSJ '. Using the 
same approach, the preexponential nucleation factor in our 
work becomes 10""' (no./m',s). 

ation parameter K,,,  according to 

The growth exponent in the normal power-law equation is 
approximately 2, which suggests that surface integration lim- 
its the growth rate. This is also supported by the fact that the 
simulated growth rate is significantly lower than the bound- 
ary-layer mass-transfer rate. as shown in Figure 11 for the 
outlet tube of the T-mixer. The same is true during the semi- 
batch period. Furthermore, growth-rate dispersion is gener- 
ally viewed as resulting from variations in the surface integra- 
tion rate. Therefore, the growth rate must necessarily be con- 
trolled by the surface integration rate if growth dispersion is 
to explain the broadening of the product-size distributions. 
When the power law with a logarithmic driving force is used, 
the exponent is almost 3. 

(55) 
4k;: ( Mc )p)' 

K1,? = - ~ 

27k: P,N,,, 

The resultin? interfacial energy is 0.015 J/m'. The same value 
is obtained regardless of the growth model used. The shape 
factors of a sphere are used since size is measured as the 
volumc equialent sphere diameter in the electrosensing zone 
measurement. The value can be compared to the values that 
are obtained directly from the experimental induction time 
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Figure 19. Comparison of simulated growth rate based 
on model 3 and the corresponding rate of 

Length in the outlet tube (m) 

A growth exponent close to or higher than 2 at fairly high 
supersaturations also suggests that the surface integration rate 
is governed by a surface nucleation mechanism rather than a 
spiral growth mechanism. The latter exhibits an almost linear 
dependence at higher supersaturation. In addition, when the 
BCF equation is correlated to our experimental data, the es- 
timated parameters are all more uncertain than for the other 
models. 

For all growth models the dependence of the coefficient of 
variation on the supersaturation is rather weak. For example, 
CVg varies between 0.23 and 0.28 in the high supersaturation 
range where most particles are formed when the normal 
power law is used. The CI/,-values are consistent with data in 
the literature, although those data mostly concern secondary 
nuclei. Coefficients of variation between 0.17 and 1 have been 
reported (Bohlin and Rasmuson, 1992). Garside and Ristic 
(1983) measured values ranging from 0.37 to 0.44 for ADP- 
crystals formed by primary nucleation at a supersaturation 
ratio of 1.06. 

The ranges of confidence are wide for some of the parame- 
boundary-layer mass transfer. ter estimates. This is the case for the growth-rate constant 
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E,q when the normal power law is used, and for the growth 
dispersion parameters C!,'";,.x and Cb'.:,, for all growth models. 
An uncertain estimate results i f  the value of the objective 
function is rather insensitive to changes in  the parameter. as 
well as if there is a strong bias between two parameters. The 
latter seems to be the case for the growth-dispersion parame- 
ters. Since most crystals are formed at the beginning of the 
experiment when supersaturation is high, the C'v.: in that part 
of the simulation has a large influence on the final distribu- 
tion. As is evident from Eq. 41, several combinations of pa- 
rameters will give the same value of the coefficient of varia- 
tion at a certain supersaturation. If the value o f  exponent 
Cvq,, is set to 0 and excluded from the optimization, Cb'vL 
(which now cquals Ck',) has a value between 0.23 and 0.24, 
depending on the growth model used. The range of confi- 
dence improves dramatically. 

The limited supersaturation range and the moderate num- 
ber of experiments in the optimization may also contribute to 
the uncertainty of the estimates. However. this is a situation 
that is somewhat unavoidable in crystallization work. On the 
other hand, one should also bear in mind that the method f o r  
calculating the variance of the estimates is approximate lor 
nonlinear models, since it is based on linear statistics. 

Objective function and the optimization 
The location of the optimum is, to some extent, affected by 

the choice of objective function. If the logarithmic residual in 
Eq. 51 is used in the objective function, the minimum will 
shift slightly. If the model is less capable of describing data, 
as is model 2, the influence of the choicc of residual is more 
marked. 

The objective function is nonconvex, that is, it has several 
local minima. As a consequence. different minima can be 
found when the optimization is started from different initial 
parameter values. Often the different minima have 
objective-function values of similar magnitude, and conse- 
quently, the purely mathematical-numerical evaluation of the 
optimum given by the optimization routine is not sufficient 
for choosing the most reasonable kinetic valucs. In this work. 
the estimated parameters are also evaluated by examining the 
evolution of  important crystallization variables, such as su- 
persaturation and growth rate, during the simulation. I n  some 
cases, this evaluation is sufficient to eliminate optima that 
arc physically inconsistent; in other cases, there are several 
minima that all seem realistic. In such cases, a more detailed 
evaluation must be carried out to determine which optimum 
is more likely to give the best description of the kinetics of 
the system. 

As an example of this need for a detailed analysis. consider 
the following situation. Model 4 can be extended to allow for 
further growth when the sampling period is over. This cxten- 
sion is logical. since the simulation shows that the solution is 
still supersaturated at the end o f  the sampling period, and 

1- 

Optimum 1 
~ Optimum2 

'0 10 20 30 40 50 
Time ( s )  

Figure 20. Comparison of simulated supersaturation 
profiles corresponding to optimum 1 and 2. 
i-hc ' h i n h ' r n d i h s  the  t ime  v.hcn t h e  teed t r o m  thc T-iniki 

\top\ 

about ii minute lapses between the sampling and the actual 
analysis. If this extcnded model is furnished with kinetic p~i -  
rameters from model 4 corresponding to the normal power 
law gro%th cquation. and then is allowed to  simulate contin- 
ued outgrowth in thc sampling beaker. the supersaturation 
decays to a value close to unity, as would hc expected. How- 
ever, if an optimization is carried out with a model that in- 
cludes this extended growth period. the optimum changes 
significantly. With the corresponding new optimal paranic- 
ters, the evolution of the crystallization variables is still con- 
sistent, and thc objective function value of 6.9 is only slightly 
higher than the earlier value. The kinctic p" dnmcters are 
compared in Table 3 and the corresponding supersaturation 
profiles are compared in Figure 20. We can note that the 
supersaturation ratio docs not approach unity in the ap- 
proach leading to "optimum 2." The reason for this is that 
the high value of thc growth csponent results in a kind of 
metastable zonc for growth. Values of the growth exponent 
as high as 4.8 are rarely reported, but can he explaincd within 
the surface nucleation theory. I f  this valuc is correct, in prac- 
tice we would espcct a niechanism transition which would 
sustain a reasonable growth rate. and i n  turn lcad t o  a decay 
of the supersaturation ratio to unity. Within the optimization 
wc do not allow for such a mechanism shift. Growth kinetics 
are extracted by using data ovcr the whole supersaturation 
range. I t  is highly questionable whether ii mechanism shift 
really can be extracted from thc data, and a model extcnded 
along this line would lcad to an undesirable increase in the 
nuinhcr of parameters to be determined. Furthermore. the 
parameters for growth dispersion by the approach leading to 
optimum 2 result in quite high coefficients of variation fur 

Table 3. Kinetic Parameters for Model 4 with (Optimum 2) and without (Optimum 1) Extended Growth Period 

Optimum 1 (3.0 f 1.3)101" 18.6 f0 .72  (2.4 5 2,Y)IW ' I  2. I * 0.29 3.X+ Ih.0 0.6 & 0.94 
Optimum 2 (3.7 i- 1.5)10"' 23.3 * 0.55 ~ 1 . l ~ l . 2 ~ 1 0 - ' '  4.8 11.27 2 10 i 3hX 1.4 & 0.3h 
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the growth rate. Thus, we find that the approach leading to 
optimum i IS more likely to give an adequate description of 
the kinetics of the system. 

Conclusions 
Benzoic acid has been crystallized by mixing hydrochloric 

acid and aqucous sodium benzoate in a T-mixer. At condi- 
tions whcrc the reactants are well mixed before nucleation 
commences, the product weight mean size changes from 3.9 
p m  to 6.2 prn, when the supersaturation ratio varies be- 
tween 4.9 and 3.9. Population balance modeling and nonlin- 
ear parameter cstimation are applied to estimate the kinetics 
of  nuclcation and crystal growth. 

A model that accounts for primary nucleation, crystal 
growth, and growth rate dispersion successfully correlate ex- 
perimental product size distributions. The estimated kinetics 
are physically reasonable and lead to a physically reasonable 
description of the entire experiment. The interfacial energy is 
calculated from the determined nucleation parameter and i s  
found to be 0.015 J/m'. This value is in good agreement with 
the value obtained by the traditional method of plotting the 
measured total number concentration versus the initial su- 
persaturation. 

Different growth rate expressions have been evaluated. 
There are only small differences in the quality of fit: and the 
nucleation parameter values are almost the same. The expo- 
nent of the normal power law growth rate equation has a 
value o f  2. I ,  which suggests that growth is controlled by sur- 
face integration, a conclusion that is further supported by the 
fact that the calculated growth rate i s  significantly lower than 
the boundary layer diffusion rate. It is also consistent with 
the conclusion that growth rate dispersion significantly con- 
tributes to thc broadening of size distributions. The exponent 
changes t o  2.0 if the logarithm of the supersaturation ratio is 
used as driving force. The coefficient of variation of the 
growth rate distribution depends only weakly on supersatura- 
tion. It obtains a value of approximately 0.23 when this de- 
pendcncc is disregarded. 

Several models have been examined to obtain an adequate 
description of the experiments. It is found that the fairly 
strong tailing of the product size distribution towards larger 
sizes is difficult to reproduce without introduction of the 
mechanism of growth rate dispersion. 

The objective function is nonconvex with several local min- 
ima-a situation which complicates the estimation of kinet- 
ics. Often. the mathematical-numerical evaluation given by 
the optimization routine must be combined with a careful in- 
vcstigation ot' important variables, such as the growth rate 
and the supersaturation, during the course of the experiment 
to identify adequate kinetic parameters. In some cases, clear 
inconsistencics are discovered. In other cases, the differences 
may he niorc subtle and require a more detailed analysis. 

Notation 
u -=activity 

[I,, =primary nucleation rate. no./m'. s 
C',  . (.: ==constants in Eq. 7 

c '  =solute concentration, moI/m' 
c* =solubility, mol/m3 

Wq =coefficient of variation for distribution 
CV';,. C%,< =constant and exponent in Eq. 41 

D ( c ,  c 1 = driving-force function 
I ) ,  = diffusivity, m2/s 
F =objective function 
G =crystal growth rate, m/s 

Gc( =volume diffusion growth rate, m/s 
lC = Gibbs excess free energy, J 

g =exponent in growth-rate expressions 
K,,, K,,, =primary nucleation-rate parameters 

K, , , ,  K,,:, K,? =parameters in Eqs. 3 and 5 
K ,  =growth-rate activity 

k =Boltzmann constant (1 .3805~ lo-''), J/K 
k , ,  k , .  k , ,  =area, perimeter. and volume shape factors 

k,,  = mass-transfer coefficient, m/s 
k ,  =growth-rate constant in power laws 
L =crystal size, m 

Ltuhc =length of T-mixer outflow tube = 0.560 ni. m 
L,? =weight mean size, m 
M, =molar mass, kg/mol 
M7 =molar magma density, mol/m' 

/ T I ? ,  = r t h  moment of growth-rate activity dis!rihution 
niL, =r th  moment of size distribution, mym'  
I"ut, =Avogadro's number (6.023 x lo"), No./mol 

N =number of crystals, No./m' 
,V, =total number of crystals per unit volume. No./m' 

I I  =population density, No./m, m '  
P,, =growth-rate activity distribution function 
p' - . ,. -size distribution function 

A p  =pressure drop, N/m' 
Q =volumetric flow, m'/s 
R =gas constant ( = 8,3 14), J/mol. K 

R,, =residual for population kl 
Re = Reynolds number = ( E IfiL4/')/v 
S = supersaturation ratio, c/c* 

Sc =Schmidt number = v/D,, 
Sh =Shemood number =(kdL) /D, ,  
T =temperature, K 
t =time, s 

t , , , c ,  =induction time, s 
if, =velocity, m/s 
v =volume, m3 

2 =position in T-mixer outlet tube, m 
=molecular volume, m3 

Greek letters 
E =energy dissipation rate, W/kg 
y =activity coefficient, m3/mol 
y, =interfacial surface energy, J/m' 
p =chemical potential, J/mol 
v =kinematic viscosity, m'/s 
p =density, kg/m' 

(Jv =standard deviation of growth-rate distribution 
(r, =standard deviation of size distribution 
(4 =transformed time, (mol/m-')" s 

Superscripts and subscripts 
-=mean value 

- =total amount in the semibatch crystallizer 
' =variable in log-normal distribution 
c =crystal 

cr =critical size 
,f =fluid 

= d u e  at equilibrium 

=for  the subpopulation, which was born in timc step i 
and arrived to the semibatch reactor in time step j 

r =reactant 
s =solid 

0 =initial 
T,,,,, =at  the end of T-mixer 
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